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JOURNAL OF GEOPHYSICAL RESEARCH

Theoretical Single-Domain Grain Size Range in
Magnetite and Titanomagnetite

ROBERT F. BUTLER

Department of Geosciences, University of Arizona, Tucson, Arizona 85721

SuBiR K. BANERJEE

Department of Geology and Geophysics, University of Minnesota, Minneapolis, Minnesota 55455

A theoretical model of single-domain (SD) grain sizes is applied to magnetite and titanomagnetite. In
this model, transition to a two-domain configuration takes place at the SD threshold d,. This two-domain
configuration is shown to be more applicable to fine-grained magnetites in igneous rocks than previous
models involving transition to a circular spin configuration at d,. Calculations of the stable SD grain size
range were accomplished by calculating the superparamagnetic threshold size d, by Néel's relaxation
equation and calculating the SD threshold d, at which SD to two-domain transition occurs. For cubic
magnetite particles the SD range is extremely narrow and occurs at very small grain size. At room
temperature, d, =~ 0.05 um, and d, ~ 0.076 um. For cubic magnetite particles just above d, a two-domain
configuration is predicted in which a 180° domain wall occupies ~60% of the particle volume. No SD
range exists for cubic magnetites at 7 > 450°K. These results are in good agreement with experimental
determinations of SD limits in equant magnetites and also agree with experimental observations of ther-
moremanent magnetization in submicron pseudo-single-domain (PSD) magnetites. The SD range in-
creases rapidly with particle elongation. For a length: width ratio of 5: 1, SD limits of d, ~ 0.05 um and
dy =~ 1.4 um are calculated. Both d, and the SD range for titanomagnetites (Fe,_,Ti.0,) increase with Ti
content. For cubic titanomagnetites of x = 0.6, d; ~ 0.08 um, and d, =~ 0.3 um. Comparison of the
calculated SD range with the available high-resolution grain size distributions of opaque grains in igneous
rocks suggests that elongated SD grains or submicron PSD grains are the major carriers of stable natural
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remanence in igneous rocks.

INTRODUCTION

Single-domain (SD) grains are known to be efficient and
stable carriers of thermoremanent magnetization [Néel, 1949].
Thus SD magnetite is an attractive candidate for the carrier of
stable natural remanent magnetization (NRM) in igneous
rocks. However, SD behavior occurs only within a narrow
grain size range. Below the superparamagnetic (SP) threshold
grain size d,, thermal activation destroys the remanence-
carrying capability of the particle. Above the single-domain
threshold size d, a nonuniform spin structure develops in
which the atomic magnetic moments are no longer parallel
throughout the particle. The stable SD range between 4, and
d, for cubic magnetite grains is very narrow and occurs at
grain sizes of <<1 pum [Néel, 1955]. Because the grain size
distributions of optically visible magnetite in igneous rocks
generally peak at >1 um, Stacey [1963] concluded that the
predominant carriers of remanence were pseudo-single-do-
main (PSD) grains just above the SD size.

Recent evidence has led to a resurgence of interest in the
magnetic properties of SD and submicron magnetite [Evans,
1972]. Since SD magnetite is below the optical line of resolu-
tion, there is little direct evidence for its presence in igneous
rocks. However, several careful studies of magnetic properties
of mineral separates from intrusive rocks have provided in-
direct evidence that the stable NRM resides in single-domain
grains rather than in larger optically visible oxides [e.g., Evans
et al., 1968; Evans and McElhinny, 1969; Hargraves and Young,
1969; Murthy et al., 1971]. Evans and Wayman [1970] have
used electron microscopy to examine submicron magnetite
and have observed particles which are within the expected SD
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grain size limits. Larson et al. [1969] have also suggested that
the proportion of submicron magnetites in igneous rocks is
commonly underestimated. These observations indicate that
SD magnetite is an important, if not dominant, contributor to
stable NRM in many igneous rocks. Thus delineation of the
stable SD grain size limits for magnetite is an important
problem in paleomagnetism,

Experimental examinations of equant submicron magnetite
particles have been undertaken by Dunlop [1972, 1973a, b].
Values of 0.03 and 0.05 um were found for d; and d,, respec-
tively. Extension of experimental determinations of 4, and d,
to elongated magnetite particles'would be very difficult, if not
impossible. Particles with a very narrow shape and grain size
distribution would be required. Thus a theoretical treatment of
single-domain grain size limits for elongated (as well as
equant) magnetite particles is desired.

A related problem is the investigation of pseudo-single-
domain behavior. Magnetite particles with a grain size
between SD and true multidomain (M D) size (~ 17 gm) exhibit
hysteresis properties similar to MD grains but are capable of
carrying remanence whose intensity and coercivity are similar
to those of SD grains [Parry, 1965]. Stacey [1963] and Dickson
et al. [1966] have attributed the origin of PSD behavior to
Barkhausen discreteness of domain wall position. Stacey and
Banerjee [1974, p. 110] have proposed that PSD moments oc-
cur at the surface terminations of domain walls. Thus the
observation of pseudo-single-domain behavior seems to re-
quire the presence of domain walls in submicron magnetite
above SD size. Moreover, Dunlop [1973b] has recently shown
that the TRM characteristics of submicron magnetite are best
explained by the development of a two-domain structure at d,
in which a 180° domain wall occupies ~50% of the particle
volume. Any theoretical treatment of SD magnetite must not
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only be consistent with the experimentally observed & and d,
for equant particles but must also account for the development
of PSD behavior.

Theoretical calculations of single-domain limits have been
reviewed by Evans [1972]. The presently favored theory is that
of Morrish and Yu [1955] in which a SD to circular spin transi-
tion takes place at d,. However, the Morrish and Yu theory
considers only ellipsoidal particles. Direct observations of sub-
micron magnetite in igneous rocks indicate that these particles
are not ellipsoidal but rather are bounded by crystal faces
[Evans and Wayman, 1970]. Thus the applicability of the Mor-
rish and Yu theory of SD magnetite in igneous rocks is
questionable. Also, transition to a circular spin configuration
(with no net magnetic moment) at d, does not seem consistent
with the development of PSD behavior. Therefore a
theoretical treatment which considers parallelepiped-shaped
particles and involves the development of domain structure at
d, would seem more appropriate for SD magnetite in igneous
rocks.

In this paper we examine a theoretical treatment of
parallelepiped-shaped particles containing a single 180° do-
main wall. This theory was developed by Amar [1957, 19584,
b] and applied to calculations of SD limits in metallic iron, The
energetics of the Morrish and Yu [1955] circular spin con-
figuration and the two-domain configuration of Amar [1958a]
will first be introduced. We conclude that the two-domain ar-
rangement is appropriate for fine magnetite particles in ig-
neous rocks. This conclusion is an important reconciliation
between theory and experiment. The SD grain size limits for
elongated magnetite are then calculated, and their implications
are discussed. Single-domain threshold sizes for titanomag-
netites are also calculated and shown to be consistent with
observations.

CIRCULAR SPIN CONFIGURATION

The calculations of Morrish and Yu [1955] considered the
exchange energy of the circular spin configuration in ellip-
soidal particles of magnetite and maghemite. Magnetocrystal-
line anisotropy energy was neglected. In an ellipsoidal particle
the circular spin configuration produces no free magnetic
poles, and there is no magnetostatic energy. However, in a par-
ticle bounded by crystal faces the circular spin arrangement
will produce a complicated surface density of free magnetic
poles. These surface charges will result in considerable
magnetostatic energy. Both the neglected magnetocrystalline
anisotropy energy and the magnetostatic energy of the circular
spin configuration in a parallelepiped are discussed below.

In order to investigate the seriousness of neglecting
magnetocrystalline anisotropy energy we can calculate the
anisotropy energy of a particular circular spin configuration
and compare the calculated energy with the exchange energy
at the critical size d,. The assumed unimportance of the
anisotropy energy is valid only if the anisotropy energy is
negligible in comparison to the exchange energy.

The neglected anisotropy energy per unit volume ex for a
prolate ellipsoid elongated parallel to [001] was found to be
ex = 5K,/24, where K, is the first-order anisotropy constant.
Details of this calculation are given in Appendix 1. If a circular
spin configuration develops at d,, the energy of this non-
uniform configuration must equal the single-domain energy
esp at the critical size. The SD energy per unit volume is simply
the magnetostatic energy given by

esp = §NpJ 2 (D
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where N, is the self-demagnetizing factor and J; is the satura-
tion magnetization (=480 emu/cm® for magnetite at room
temperature). For a spherical particle, N, = 47/3. Using K, =
1.3 X 10° ergs/cm® from Fletcher and O’ Reilly [1974], we find
ex/esp = 0.06 for a spherical particle. For a prolate ¢llipsoid
with elongation of 2.5 the demagnetizing factor along the
polar axis is 1.7 [Morrish, 1965, p. 10], and ex/esp = 0.14. The
neglected magnetocrystalline energy is not negligible and will
have the effect of increasing the calculated d, values based on
the theory of Morrish and Yu [1955].

A more serious objection to the circular spin arrangement
arises if we consider the magnetostatic energy produced by this
configuration when it is confined to a parallelepiped-shaped
particle, This objection is not a criticism of the calculations of
Morrish and Yu [1955] but does raise questions as to the ap-
plication of this theory to the fine-grained magnetites of ig-
neous rocks. These submicron magnetite particles are bounded
by crystal faces and are certainly more parallelepiped than el-
lipsoidal. The magnetic charge distribution resulting from con-
fining the circular spin configuration in a parallelepiped is
schematically illustrated in Figure 1. A general expression for
the magnetostatic energy E, is given by Brown [1963a] as

1 /
E, = _Ef JH dv Q)

where J is the magnetization vector, which is a function of
position, and H' is the internal demagnetizing field, which is
also dependent on position in the particle. The internal
demagnetizing field H' is produced by the volume charge den-
sity pm = —V + J and surface density o, = 7 + J, where/iis a
unit vector normal to the surface. For the charge distribution
shown in Figure 1, H' would be a complicated function of
position, and a rigorous derivation of the magnetostatic energy
would be very difficult, However, a rough estimate of this
magnetostatic energy can be accomplished by allowing several
approximations.

The surface charges illustrated in Figure | are concentrated
along the faces of the prismatic regions at the corners of the
parallelepiped. The magnetostatic energy of these prisms can
be estimated by considering them to be uniformly magnetized
parallel to the hypotenuse of their triangular cross section.
These uniformly magnetized prismatic regions are also shown
in Figure 1. The self-demagnetizing factor inside a uniformly
magnetized right triangular prism is a complicated function of
position. However, the demagnetizing factor perpendicular to
the axis of a prism with an equilateral cross section is indepen-
dent of position [Moskowitz and Della Torre, 1966]. Thus
further approximation of the right triangular prisms of Figure

~0/3
/
qq__" ++++Z ++-
Z + /-
- - ++/ Y -
tp,~~] JX
o | b, 3
J | N/

Fig. 1. Circular spin configuration in a parallelepiped. The
magnetic charge distribution resulting from confining the circular spin
configuration in a parallelepiped is schematically illustrated in the left
diagram. Prismatic regions of concentrated magnetic charges and ap-
proximate uniform magnetization are shown in the right diagram. See
text for estimate of the magnetostatic energy.
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1 by equilateral triangular prisms will facilitate an estimate of
the magnetostatic energy.

If the parallelepiped has a square cross section of width a
and length ga, where g is elongation, the prismatic regions will
have length ga, and the sides of the equilateral triangular cross
section will be ~a/3. The demagnetizing factor perpendicular
to the axis of the equilateral prism is ~1.75x for ¢ = 1.0 and
~1.88% for g = 2.5 [Maskowitz and Della Torre, 1966]. The
magnetostatic energy Ey of the prism is

Ey = iNpJ2v )]

where v is the volume of the prism and is equal to ga? sin

(60°)/18. For a cubic particle with ¢ = 1.0 the total
magnetostatic energy of the four prisms is
4Ey = 0.1687wa’J,? 4)

Where this is used as an approximation of the magnetostatic
energy of a cubic particle containing the circular spin arrange-
ment, the magnetostatic energy per unit volume ey is
0.168wJ,% The single-domain energy esp, is simply (27/3)J.2,
and ey/esp =~ 0.25. Thus the magnetostatic energy resulting
from the circular spin configuration in a cubic particle is ~25%
of the single-domain energy. For a particle of elongation g =
2.5 a similar calculation yields ey/esp =~ 0.55, and the
magnetostatic energy of the circular spin configuration in a
parallelepiped of ¢ = 2.5 is ~50% of the SD energy. Applica-
tion of the Morrish and Yu [1955] calculations to magnetite
particles of igneous rocks amounts to neglecting this large
energy contribution. Although the distribution of magnetiza-
tion may readjust in order to decrease the magnetostatic
energy, any such readjustment must be done at the expense of
increased exchange energy.

The above estimates do not rigorously prove that the cir-
cular spin arrangement is inappropriate for the desired SD
calculations. However, these arguments should be sufficient in-
centive to develop a theoretical treatment which is designed for
parallelepipeds rather than ellipsoidal particles.

Two-DoMAIN CONFIGURATION

Kittel [1949] attempted to determine d, for metallic iron by
comparing the single-domain energy with the magnetostatic
and wall energy of a two-domain particle. This derivation as-
sumed that the 180° domain wall width was negligible in com-
parison with the particle size. However, the calculation led to
the paradoxical result that the predicted &, (~0.02 um) was
less than the 180° wall width (~0.1 um). Stacey [1963] ob-
tained the same paradoxical result when appropriate values for
magnetite were substituted into Kirrel's [1949] derivation.

Amar [1957, 1958a, b] has significantly improved these
calculations by considering two important refinements of Kit-
tel’s derivation. First, Amar observed that the surface termina-
tions of the domain wall would produce free magnetic poles
and resulting magnetostatic energy which had previously been
neglected. Second, Amar included the dependence of domain
wall energy on the wall width. The two-domain plus 180° wall
configuration is illustrated in Figure 2. Although the calcula-
tions of magnetostatic and wall energy for this configuration
are somewhat involved, the basic idea is simple. The
magnetostatic energy of the two-domain configuration is much
less than that for a uniformly magnetized SD parallelepiped.
In order to decrease the high magnetostatic energy of the SD
configuration, a 180° domain wall is reduced in width and in-
troduced between two oppositely magnetized domains. The
energy/unit area of this 180° wall is increased when it is
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Fig. 2. Two-domain configuration. The paralielepiped is par-
titioned into two domains with an intervening domain wall. Directions
of magnetization are shown by the arrows, while the plus and minus
symbols indicate the equivalent surface charge distribution. Particle
height is a, width is pa, length is ga, and domain wall width is 5a.

reduced in width. However, above the critical SD size d, the
total energy of the two-domain configuration is less than the
SD energy. In this way, domain structure can develop in parti-
cles whose size is less than the equilibrium domain wall width
in the extended medium.

As with any theoretical treatment, several simplifying ap-
proximations are required to make the problem tractable. The
most obvious assumption employed in this two-domain theory
is that the particles are parallelepipeds as shown in Figure 2.
This assumption is necessary in order to allow calculation of
the magnetostatic energy. Although the exact shape of sub-
micron magnetites in igneous rocks will not be a perfect paral-
lelepiped, this shape is much closer to reality than the ellip-
soidal shapes considered by Morrish and Yu [1955].

Another approximation is that the domain wall has sharp
boundaries as illustrated in Figure 2. The direction of
magnetization is assumed to change sharply by 90° at either
side of the wall. This assumption is also required to make the
calculation of the magnetostatic energy manageable. In reality,
the direction of magnetization will rotate over a finite distance.
The effect of this approximation will be to overestimate
the magnetostatic energy of the 180° domain wall. This
overestimate will be most serious for elongated particles in
which the direction of magnetization in the domain wall is
perpendicular to the elongation and thus along a direction of
high demagnetizing factor. The inflated magnetostatic energy
will in turn lead to calculated wall thickness in elongated parti-
cles which are slightly less tham would be calculated by using a
magnetization distribution which rotates through the wall.
Since the demagnetizing factor is invariant with direction
within a cube, the calculated wall thickness in a cube will not
suffer this reduction.

The magnetostatic energy of the two domains and the do-
main wall can be calculated using the Rhodes and Rowlands
[1954] theory of demagnetizing energies in uniformly
magnetized rectangular blocks. Normalizing the total
magnetostatic energy E, of the two-domain particle by
dividing with 24*J? yields the ‘reduced’ magnetostatic energy
em = Epn/2aJ?, where a is the particle width. The reduced
magnetostatic energy of the configuration shown in Figure 2
was derived by Amar [1958a] and is given by

en = ql—pe(p, @) — ngln, ) + ¢ + g + », @)
+ (0 + V)gln + ¥, q) + £, q)

+ ¥e(¥, q) + ngln/q, 1/9)] (5)
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where

g, q) = [Flp. 0) — F(p, 9))/Ipq] Q)

and F(p, q) is the Rhodes and Rowlands [1954] function whose
complete expression is given in Appendix 2.

For a particle of square cross section, p = 1, and for equal
volume domains (as expected for no strong external field), £ =
¥ = (1 — 9)/2. Thus (5) reduces to

em = gi—gll, q] — ngln. q1 + [1 + nlel(l + n)/2, q]
+ [1 + nlgl(l — 7)/2, q] + ngl(n/q), (1/)1} ¥))

Equation (7) allows calculation of reduced magnetostatic
energy e, in terms of the particle elongation g and fraction of
particle width 5 occupied by domain wall.

The dependence of the domain wall energy o on the wall
width § is given by

g = (00/2)(8/0, + 80/0) (8)

where g, and §, are the wall energy and wall width in the ex-
tended medium [dAmar, 1958a]. With domain wall area of ¢ga®
and wall width 6 = na the domain wall energy E, is

E, = qa*e = (oqd®/2)na/é, + 6./na) ®
Reduced wall energy e, = E,/2a%J® will be
ew = ql(noo/480Js") + (0odo/4nJ,a*)]

The total reduced energy of the two-domain configuration is
e = e, + en. Using (7) and (10), we can calculate e as a function
of particle width a, domain wall width y = 5a, and particle
elongation g¢.

Rhodes and Rowlands [1954] have shown that the
magnetostatic energy of a single-domain particle of width a
and elongation ¢ magnetized parallel to the elongation is

Esp = 2J%0g(1, q) (11)

where v is the particle volume. The reduced single-domain
energy would be

esn = Esp/2a°J* = qg(1, 9) (12)

Following Murthy et al. [1971], the domain wall energy o, of
a 180° domain wall in magnetite can be estimated using the
calculations of Lilley [1950]. For a domain wall parallel to
(110),

(10

oo = 1.83(4K,)"? (13)

where A is the exchange constant. With 4 = 1.5 X 10~®erg/cm
[Galt, 1952] and K, = 1.3 X 10° ergs/cm?® [Fletcher and O’Reil-
ly, 1974}, g, ~ 0.8 erg/cm?®. Domain wall width §, can be es-
timated using Lilley’s [1950] results for Ni. Lilley [1950] found
8 = 2.06 X 10-% cm for a 180° wall parallel to (110) in Ni.
Since 8, (A4/K,)/?, we can calculate §, for magnetite by

8o = 8o'[(A/K))"?/(A'/KL' )] (14)

where 8, A', and K,' are the wall width, exchange constant,
and anisotropy constant for Ni, and A and K, are the
magnetite exchange and anisotropy constants. With 4’ =~ 10-°
erg/cm [Martin, 1967, p. 28], K, = 4.5 X 10* ergs/cm®
[Chikazumi, 1964, p. 130], and &,' = 2.06 X 10~° cm, the do-
main wall width for magnetite is §, = 1.5 X 10-® cm. This
value is in good agreement with the estimate of 1.4 X 107* cm
by Morrish and Yu [1955].

Using these input parameters along with J, = 480 emu/cm®,
we can calculate the threshold grain size d, for 8D to two-
domain transition by the following scheme:

BUTLER AND BANERJEE: SD RANGE IN MAGNETITE

1. Using (7) and (10), generate curves of total reduced
energy e versus domain wall width y = na for various particle
sizes a. Examples of these curves for a cubic magnetite particle
at room temperature are shown in Figure 3. The point at
which the e versus y curve is a minimum determines the pre-
ferred wall width for each particle size.

2. From the e versus y curves, determine the minimum
reduced energy for each particle size and plot the minima
versus particle size. This plot is shown in the inset of Figure 3.

3. Determine at which particle size the reduced energy
minimum for the two-domain configuration falls below the SD
reduced energy esp, which is determined from (12). Only for
particle sizes where e < egp will the two-domain configuration
be energetically favorable, In the specific example shown in
Figure 3, development of the two-domain configuration would
be favored for particle sizes of >760 A.

Thus the predicted 4, is much less than the domain wall
width in the extended medium §,. Although this ‘squeezing’ of
the domain wall increases the wall energy, the large decrease in
magnetostatic energy (compared to the SD configuration)
makes the development of domain structure favorable in parti-
cle size a < b,.

SUPERPARAMAGNETIC THRESHOLD d,

Transition to superparamagnetic behavior imposes a lower
limit to the stable single-domain grain size range. This lower
limit, d,, can be calculated using Néel’s [1955] relaxation equa-
tion,

T = fi! exp (VhoJo/2kT) (15)

where 7 is the relaxation time in seconds, f; is the frequency
factor (=10° per second), v is the grain volume in cubic
centimeters, /. is the particle coercive force in oersteds, J; is
the saturation magnetization in electromagnetic units per

CUBIC MAGNETITE PARTICLE (T=290°K)

T T T T T

ISF 1

14 E

700
740
780 4
820

Reduced Energy, e= E/203J§

05}

I 1 1
700 750 800

oal Particle —Size (Angstroms) J
L L L L L L
[o] 100 200 300 400 500 600 700
Domain Wall Width, y=7ma (Angstroms)
Fig. 3. Reduced energy e of two-domain configuration in cubic

magnetite particles at 290°K as a function of domain wall width y
(=na) for several different particle sizes a. Each curve is labeled with
its particle size at the right of the curve. Minimum energy for each par-
ticle size is indicated by the arrow. The single-domain reduced energy
esp is indicated by the dashed line. The inset shows the minimum re-
duced energy versus particle size. The energy of the two-domain con-
ﬁgurition falls below esp for particle sizes of >760 A, indicating d, =
760 A.
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cubic centimeter, k is Boltzmann’s constant, and T is the ab-
solute temperature in degrees Kelvin. Néel’s derivation of (13)
was for the case of fine particles with uniaxial anisotropy. The
factor (vh.J,/2kT) is simply the energy barrier opposing spon-
taneous reversal of the magnetic moment. Simple substitution
of h. for particles with cubic anisotropy into (15) can lead
to errors in relaxation time calculations. Thus Bean and
Livingston [1959] suggest that (15) be rewritten to give

T = fo~' exp (Es/kT) (16)

where Ej is the energy barrier opposing spontaneous reversal.
Equation (16) is applicable to either cubic or uniaxial
anisotropy.

For cubic magnetite particles (g = 1.0), magnetocrystalline
anisetropy supplies the energy barrier opposing thermal ac-
tivation of the magnetic moment. As the magnetic moment at-
tempts to flip between adjacént [111] easy directions, it must
surmount the energy barrier imposed by the interveriing [110]
direction. The resulting energy barrier in cubic magnetite par-
ticles will then be given by

Es = Ex[110] — Ex[111] (17

where Ex[110] and Ex[111] are the magnetocrystalline
anisotropy energies for the [110] and [111] directions of
magnetization. Ex[111] = —K,v/3, and EL[110] = —K,v/4,
where K, is the first-order magnetocrystalline anisotropy con-
stant. Thus Ey = K,v/12, and (16) becomes

T = fo' exp (Kw/12kT) (18)

The threshold size for superparamagnetic behavior can be
determined by substituting a critical relaxation time 7, into
(18) and solving for the critical cube edge d, to obtain

d, = [12kT In (fyr,)/K.]¥ (19)

For elongated particles (¢ > 1:0), shape anisotropy will
dominate the coercive force. The particle coercivity is given by

he = ANJ, (20)

where AN is the difference between the self-demagnetizing fac-
tors along the particle width and length. Shape anisotropy is
uniaxial, and substitution of (20) into (15) yields

7 = f,~* exp (VANJ2/2kT) Q1)

For an elongated parallelepiped of square cross section the
self-demagnetizing factor parallel to the elongation was deter-
mined by Rhodes and Rowlands [1954] as

No = 4g(1, q) (22)

where g(x, y) is again the Rhodes and Rowlands function
given in (6). The self-demagnetizing factor perpendicular td
the elongation is N' = (4w — N,)/2, and the difference AN =
N' — N, will be

AN = 27 — 6g(1, q) 23)

Substituting (23) into (21) and solving for the critical length /;
yield

Ly = qU2kT In (7.fo)}/ g/ [2r — g(1, @)I}?

A rigorous derivation of the frequency factor f, for uniaxial
anisotropy by Brown [1963b] has shown that f; is a function of
3 h., Js, and T. If the volume dependence of f; is included in
(19) and (24), transcendental equations for d, and /, result.
Fortunately, the superparamagnetic threshold sizes are insen-
sitive to the exact value of f, [Dunlop and West, 1969]. Thus a
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constant frequency factor of 10°/s has been used in the calcula-
tions to follow. The general problem of rigorous derivation of
/o for cubic anisotropy has recently been discussed by Aharoni
[1973].

RESULTS AND DISCUSSION

Figure 4 illustrates the calculated SD grain size limits d, and
d, for cubic magnetite particles. The superparamagnetic
threshold was calculated using (19) with 7, = 100s and 4 X 10°
yr, while the SD to two-domain transition size was determined
by the techniques described in the previous section.
Temperature dependence was introduced by replacing the
room temperature magnetic parameters with appropriate
values at elevated temperature. The temperature dependence
of J, and K, was taken from Pauthenet and Bochirol [1951]
and Fletcher and O’'Reilly [1974], respectively. In order to
determine the temperature dependence of domain wall energy
and equilibrium thickness, o, and &, the temperature
dependence of the exchange constant A4 is required. This
temperature variation can be estimated by using the common
approximation A(T)/A(RT) = J«T)/J«RT), where A(T) and
A(RT) are the exchange constants at temperature 7" and room
temperature, while J(7) and J(RT) are the saturation
magnetizations at 7 and at room temperature.

The calculated SD to two-domain threshold size 4, in cubic
magnetite particles at room temperature is 0.076 um. Given the
necessary approximations required in both the theoretical and
experimental computations, this calculated upper limit to the
single-domain grain size range in cubic magnetite is in good
agreement with the experimental d, = 0.05 pm determined by
Dunlop [1973a]. The results illustrated in Figure 4 indicate d;
> d, for T > 450°K. Thus no stable SD range exists for cubic
magnetite particles at 7 > 450°K. Even at room temperature,
d, is only slightly below d, and only a very narrow SD range of
0.05 < d < 0.076 um is indicated. This very narrow SD range is
also in good agreement with the experimental results of Dunlop
[19734]. In fact, Dunlop [1973a] pointed out that the proximity
of the experimental d, and d; sizes and the uncertainties in-
volved allow for the possibility that no SD range exists for
equant magnetite particles at room temperature.

Dunlop [1973b] observed that magnetite particles with
average grain size less than 0.1 um do not follow the TRM in-
duction behavior predicted either by Néel’s [1955] two-domain
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Fig. 4. Single-domain to two-domain transition size d, and super-
paramagnetic threshold 4, as a function of temperature for cubic
magnetite particles. Here d; is shown for critical relaxation times of
100 s and 4 X 10° yr. No stable SD range exists for 7 > 450°K.
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model or by Stacey’s [1963] four-domain theory of pseudo-
single-domain particles. Dunlop [1973b] attributed this dis-
agreement to the development of a ‘wavelike spin structure’ in
particles with d < 0.1 um. Particles with grain size just above
d, are thought to contain a domain wall which occupies a large
proportion of the particle volume. Figure 3 shows that the
preferred wall width increases with particle size, while the
proportion of particle volume occupied by the domain wall
decreases with increasing particle size. Thus the domain wall
will occupy a large proportion of particle volume only for
grains just above d,. However, at d, (~760 A) a wall width of
~450 A is predicted for cubic particles. This wall would oc-
cupy ~60% of the particle volume. 24 mar [19585] has shown
that magnetic behavior of these two-domain particles is much
different from that of larger multidomain grains. Thus it is not
surprising that particles with ¢ < 0.1 um do not behave as
predicted by the Néel [1955] or Stacey [1963] theories which
treat the domain wall as a sharp plane which occupies an in-
significant proportion of the particle volume. Therefore the
two-domain theoretical treatment not only predicts SD limits
in good agreement with experimental determinations but also
predicts a spin configuration and wall width in small PSD par-
ticles which are consistent with experimental observations.
SD limits for square cross-section parallelepipeds with
elongation g of 1.25 and 2.50 are shown in Figure 5. Super-
paramagnetic critical lengths /; were calculated by using (24)
with critical relaxation times 7, of 100 s and 4 X 10° yr, Room
temperature d, values of 0.11 and 0.42 um are predicted for
particles with ¢ of 1.25 and 2.50, respectively. This increase in
d, with elongation has been observed in previous theoretical
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SD calculations [Strangway et al., 1968; Evans and M cElhinny,
1969; Murthy et al., 1971]. A lower demagnetizing factor
parallel to the elongation produces lower magnetostatic energy
in elongated SD grains than in cubic particles. Also the do-
main wall area in elongated particles is larger than that for
cubic grains. Both of these factors lead to larger d, for
elongated particles.

The most important result shown in Figure 5 is the develop-
ment of a definite single-domain grain size range in the
temperature range 290° < T < 800°K. This SD range is in
contrast to the results for cubic particles in which no single-
domain range exists for 7 > 450°K. Grains with length / in the
SD range [, <1< d, will be very efficient and stable carriers of
remanent magnetization.

In both Figures 4 and 5, d, increases with increasing
temperdture. This increase can be understood by considering
the temperature dependence of the magnetic parameters re-
quired in the two-domain calculation. Both J, and 4 (assumed
proportional to J;) decrease with increasing T while K,
decreases as J," with n =~ 8 [Fletcher and Banerjee, 1969]. Do-
main wall energy, o, < (AK,)"/?, will decrease as J,** and wall
width, 6, = (4/K,)"?, will increase as J,~%®, Thus the increase
in 8, and decrease in o, nearly counterbalance, and the energy
required to emplace a 180° domain wall decreases only slightly
with increasing 7. However, magnetostatic energy, which is
the driving force favoring the two-domain configuration,
decreases as J,2. Therefore a larger particle size is required
before the magnetostatic energy of the single-domain con-
figuration surpasses the total energy of the two-domain ar-
rangement. Thus d, increases with increasing temperature.

The observed increase in d, with temperature implies quite
different methods of TRM acquisition for particles on op-
posite sides of d, at room temperature. Single-domain grains
with [, < | < d, at 290°K will acquire TRM by the SD
mechanism of passing through the SP to SD transition at their
blocking temperature. However, the increase of d, with T in-
dicates that some particles will be SD at elevated temperature
but two-domain at room temperature. These particles would
be in the pseudo-single-domain range. Although the TRM ac-
quisition mechanism of PSD grains is not well understood, it is
interesting to speculate that a transition to two-domain con-
figuration from a single-domain state may be an important
factor. Perhaps the statistical alignment of the SD state paral-
lel to the ambient field is reflected by a preferential alignment
of domain wall orientations or surface moments during the SD
to two-domain transition. Any preferential alignment of the
PSD moments during the transition would increase the TRM
induction of these pseudo-single-domain particles.

The reduced energy e of two-domain magnetite particles
with elongation ¢ = 2.5 is shown as a function of wall width y
in Figure 6. The critical length d, for SD to two-domain transi-
tion is ~4100 A (~0.41 pm). At d, the wall width is ~400 A,
and the wall occupies ~25% of the 1600-A particle width. The
calculations indicate that domain walls in elongated two-
domain particles occupy a smaller percentage of the particle
width than walls in equant particles do. This observation is ex-
plained by the fact that the magnetization within the domain
wall is forced to point perpendicular to the elongation. This
direction will have a high demagnetizing factor, and thus the
magnetostatic energy of the wall will be large. Therefore the
wall is reduced in width in order to minimize the magnetostatic
energy.

It is interesting to note that the domain wall width in two-
domain particles at d, is nearly equal for cubic particles
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Fig. 6. Reduced energy e of the two-domain configuration at
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the minimum energy of each particle size is indicated by the arrow. SD
reduced energy es, is shown by the dashed line. Minimum reduced
energy versus particle length is shown in the inset. Predicted d, for SD
to two-domain transition occurs at a particle length of ~4100 A.

(Figure 3) and parallelepipeds with elongation of 2.5 (Figure
6). In both cases the wall width is ~400 to 450 A. This estimate
of wall width is very helpful in evaluating the PSD theory
recently proposed by Stacey and Banerjee [1974, p. 110]. This
theory appeals to surface moments to explain the TRM induc-
tion of PSD grains. Since the surface: volume ratio of a parti-
cle with grain size d varies as 4!, the 4-! dependence of TRM
observed for PSD grains naturally follows from this surface
moment theory. The surface moments range in magnitude
from zero to an upper limit of una, given by

Bmax = (2/7)ds?6J,

Physically, gmax is the domain wall moment corresponding to
a 180° wall which has thickness § and area d,*. Stacey and
Banerjee [1974, p. 110] used 6 = 0.1 pum and d, = 0.5 um to
derive pmax = 7.6 X 10~ emu. However, if the d, and 6 values
of ~0.08 um and ~0.05 um determined above for cubic
magnetites are used, (25) yields gmax = 9.7 X 10~ emu. This
value is in close agreement with the experimental value of 11.0
X 10~ emu determined by Dunlop et al. [1974]. This close
agreement may be simply fortuitous, but at least the present
theoretical treatment is consistent with both the experimental
data on TRM of pseudo-single-domain grains and the Stacey
and Banerjee theory of PSD behavior.

The calculated single-domain grain size limits for magnetite
at room temperature are summarized in Figure 7 as a function
of axial ratio. In this figure, axial ratio is given as the inverse of
elongation. Cubic particles are on the right side, while paral-
lelepipeds of increasing elongation are toward the left. As
mentioned previously, 4, and d, are in close proximity for
cubic particles, and only a very narrow SD range exists.
However, a substantial single-domain range exists for
elongated particles. For a parallelepiped of elongation g = 5.0,
dy =~ 1.4 um, while /; ~ 0.05 um. It should be noted, however,

(25)
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that only the very elongated SD particles would be optically
visible.

Single-domain limits for titanomagnetites can also be
calculated by substituting the appropriate magnetic
parameters needed in the d, and d, calculations. The com-
positional dependence of J,, A, and K, are required. Both
Curie temperatures and K, have been determined for
titanomagnetites Fe,_,Ti, O, of x = 0.10, 0.18, 0.31, 0.56, and
0.68 by Syono [1965]. The compositional variation at 4 can be
estimated from the dependence of the Curie temperature on
composition [Chikazumi, 1964, p. 186]. If 4, is the exchange
constant for magnetite (1.5 X 10~® erg/cm), the exchange con-
stant for a titanomagnetite of composition x is given by

A(x) = AoTe(x)/Teo (26)

where T.(x) is the Curie temperature of the titanomagnetite
and T, is the Curie temperature of magnetite.

Results of the SD grain size calculations for titano-
magnetites are shown in Figure 8 for cubic (g = 1.0) and
elongated (g = 2.5) particles. The upper limit to SD behavior is
seen to increase with increasing titanium content. This increase
is primarily a reflection of the decreasing saturation
magnetization J,. For cubic particles the superparamagnetic
threshold is dependent upon magnetocrystalline anisotropy.
The initial increase of the absolute value of K, with Ti content
is reflected by an initial decrease in d, with increasing x. For x
> 0.1 the magnitude of K, decreases with Ti content, and this
decrease produces the observed increase in d, for cubic parti-
cles. Since J, decreases monotonically with x, the super-
paramagnetic threshold for elongated particles /; increases
steadily with increasing Ti content (Figure 8b). The most im-
portant observation in Figure 8 is that the SD range is wider
and occurs at larger grain size as Ti content increases.
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single-domain to two-domain transition length is shown by the line
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indicate the SP threshold length, assuming that shape anisotropy is the
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lographic direction of particle elongation. Stable SD behavior will be
observed in the grain size region between /; and d,.
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Stacey [1963] predicted that d, would increase from
magnetite toward ulvospinel (Fe,TiO,) as J,~'/2, while Dunlop
[1973a] suggested d, < J,~¥% for equant particles. A J,~/*
dependence would predict d, = 0.16 um for an x = 0.55 cubic
titanomagnetite, while a J;,~** dependence predicts d, = 0.8
pzm. The calculated d, shown in Figure 84 is 0.21 um. The J,~ /2
dependence would also predict d, = 0.8 um for x = 0.55
titanomagnetites with elongation ¢ = 2.5, while the present
calculations indicate dy, = 1.1 um. The discordance between
the d, calculations of Figure 8 and those suggested by Stacey
[1963] and Dunlop [1973a] simply indicate that 4, for SD to
two-domain transition is not a simple function of J,. As with
the temperature dependence of d, for pure magnetite, d, de-
pends upon the domain wall width and energy §, and o, as well
as the saturation magnetization J,. Thus no simple depen-
dence on J, is expected.

It is also instructive to compare the theoretically derived d,
values of Figure 8 with direct observations of domain struc-
ture. Soffel [1971] has used Bitter-pattern observations of x =
0.55 titanomagnetites in Tertiary basalts of Germany to es-
timate d,. By extrapolating to submicroscopic sizes the
observed trend of number of domains versus grain size, a d,
value of ~0.7 um was determined. It should be noted that this
method does not consider the thinning of 180° domain walls in
small two-domain particles. The present theoretical treatment
indicates that two-domain structure will occur in grain sizes
substantially smaller than the equilibrium wall width. Thus the
extrapolation involved in Soffel’s [1971] method would
overestimate d,. Direct comparison of theory and observation
is further complicated by the fact that the degree of elongation
of the observed particles is difficult to determine. Nevertheless,
the calculated d, values for x = 0.55 of ~0.2 um for cubic par-
ticles and ~1.0 um for g = 2.5 particles bracket the d, >~ 0.7

o~
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pm extrapolation by Soffe/ [1971]. Thus the theoretical results
shown in Figure 8 are consistent with the available observa-
tions.

Direct evaluation of the importance of SD magnetite and
titanomagnetite in carrying stable NRM could be ac-
complished by comparing the grain size distributions of ig-
neous rocks with the theoretical single-domain grain size limits
derived above. Such a comparison is made difficult by the
paucity of grain size observations extending into the sub-
micron range. However, several lines of evidence suggest that
the percentage of magnetites in the SD range is significant.
Larson et al. [1969] found several grain size distributions for
opaques in igneous rocks which appeared to peak in the sub-
micron range. Also exsolution patterns produced by deuteric
oxidation or simple unmixing can yield effective grain sizes
much less than the optically observed grain size [Evans and
Wayman, 1974]. Electron microscope observations of opaque
grains in igneous rocks have helped to extend observations
into the submicron range. Evans and Wayman [1970] found a
grain size distribution in a magnetically stable intrusive rock
which peaked at ~} um. If these grains exhibit any elongation,
a large percentage of the magnetites would fall within the SD
limits of Figure 7. The larger grain size range and larger size at
which single-domain behavior is expected for titanomagnetites
greatly increase the probability that SD particles dominate the
NRM of titanomagnetite-bearing rocks. Electron microscope
observations of titanomagnetites in pillow basalts dredged
from the mid-Atlantic Ridge have revealed the presence of
opaque grains which would easily fall within the single-domain
limits of Figure 8 [Evans and Wayman, 1972]. Additional high-
resolution observations of opaque grains are badly needed in
order to evaluate further the importance of SD magnetites and
titanomagnetites in carrying stable NRM of igneous rocks.
However, the limited available observations do indicate the
presence of single-domain magnetite in the magnetically stable
rocks which have been investigated.

CONCLUSION

The two-domain configuration of Amar [19584] is designed
for parallelepiped-shaped particles and is thus more applicable
to fine-grained magnetites in igneous rocks than the Morrish
and Yu [1955] circular spin configuration which considers
only ellipsoidal particles. Neglected magnetocrystalline
anisotropy energy and magnetostatic energy arising from con-
fining the circular spin configuration to fine particles bounded
by crystal faces are significant contributors to the energy of the
circular spin arrangement. Application of the Morrish and Yu
[1955] calculations to magnetite particles in igneous rocks
amounts to neglecting these important energy contributions. A
transition from single-domain to circular spin configuration at
the SD threshold size d, is also in conflict with experimental
observations of TRM induction in submicron PSD magnetites.

Application of the Amar [1958a] two-domain theory to
cubic magnetite particles indicates that a SD to two-domain
transition at d, is consistent with experimental observations.
Given the necessary approximations in both theory and ex-
periment, the calculated d, of 0.076 um is in good agreement
with the experimental value of 0.05 um [Dunlop, 1973a]. For
cubic particles just above d, a two-domain configuration is
predicted in which a 180° domain wall occupies ~60% of the
particle volume. This result is also in agreement with the ex-
perimental observations of TRM in submicron PSD grains
[Dunlop, 1973b]. The success of the two-domain configuration
in predicting both d, for cubic particles and a domain structure
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for submicron PSD particles which are in agreement with ex-
periment argues strongly for the physical reality of a SD to
two-domain transition at d,. Thus the upper limit to SD
behavior in magnetite particles of igneous rocks is imposed by
transition to a two-domain configuration in which a 180° do-
main wall occupies a significant proportion of the particle
volume. This result is an important reconciliation between
theory and experiment.

Calculations of the stable SD grain size range were ac-
complished by determining the superparamagnetic threshold
d, by Néel’s [1955] relaxation equation and by determining the
single-domain threshold d, by the technique of Amar [1958a].
Major results of the stable SD grain size calculations for
magnetite and titanomagnetite are as follows:

1. For cubic magnetite particles the SD range is very nar-
row and occurs at very small grain size. At room temperature,
d; ~ 0.05 um, and d, ~ 0.076 um; d; increases rapidly with in-
creasing temperature and no stable SD range exists for T >
450°K.

2. The stable SD range for magnetite increases with in-
creasing particle elongation. For a parallelepiped with
length: width ratio of 5:1, stable SD behavior is expected for
lengths between ~0.05 and ~1.4 um. Only very elongated SD
magnetites will be optically visible.

3. Both single-domain threshold size d, and the stable SD
range for titanomagnetites increase with Ti content. For cubic
particles of x = 0.6 composition, d, ~ 0.3 pm, while d, =~ 0.08
um. The calculated 4, values for x = 0.55 titanomagnetites are
consistent with the observations of Soffel [1971].

Direct evaluation of the importance of SD magnetites and
titanomagnetites in carrying stable NRM of igneous rocks is
made difficult by the limited availability of high-resolution
observations of opaque grain size distributions. However,
electron microscope investigations have revealed the presence
of magnetites in magnetically stable intrusive rocks which
would fall within the calculated SD limits. The calculations of
this paper along with experimental investigations of the
magnetic behavior of NRM in igneous rocks comprise a grow-
ing body of data which suggests that stable NRM in igngous
rocks is dominated by single-domain and/or submicron
pseudo-single-domain grains.

APPENDIX |

Consider the circular spin configuration in a prolate ellip-
soid elongated parallel to [001]. The spins lie in the (100) plane
and describe circles about the [001] direction. This particular
example is chosen because the calculation is much simpler
than for other orientations. As the magnetization rotates in the
(100) plane, it passes through four [100] directions and four
[110] directions in 360°. The easy directions of magnetization
in magnetite are the [111] directions for which the anisotropy
energy per unit volume is ex[111] = —K,/3, where K, is the ab-
solute value of the first-order magnetocrystalline anisotropy
constant. The neglected anisotropy energy of the circular spin
configuration will be ex — ex[111], where e is the calculated
anisotropy energy of the configuration.

The anisotropy energies of the [100] and [110] directions are
0 and —K,/4, respectively. Thus ex[100] — ex[111] = K,/3,
and ex[110] — ex[111] = K,/12. If we use standard spherical
coordinates with # = 0° along [001] and ¢ in the (100) plane
with ¢ = 0 at the point where the magnetization is parallel to
[110], the ¢ dependence of the anisotropy energy ex(¢) is given
by
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ex(¢9) = K\/12 + (K,/4) sin? (2¢) @27

The total magnetocrystalline energy of the configuration is
simply the volume integral of ex(¢). This integral is

L g(8) 27
Ex = fo fo fo ex(@)” sin 6 dp dr d§  (28)

where

g(8) = ab/(¥* sin? 8 + a? cos? §)V2 29)

Here g(6) is the equation of the prolate ellipsoidal surface, a is
the semiminor axis, and b is the semimajor axis. The integra-
tion yields

Eyx = 10rK,a%h/36 (30)
The magnetocrystalline energy per unit volume is
ex = Ex/(4wa*b/3) = 5K,/24 @30

APPENDIX 2

The complete expression of the Rhodes and Rowlands [1954]
function is

F(p, q) = (0° — ¢")sinh™" [1/(p° + ¢')"’]
+ p(1 — ¢°)sinh™ [p/(1 + ¢°)'*]
+ pq’ sinh™ (p/q) + ¢° sinh™" (1/q)
+ 2pg tan”’ [(g/p)1 + 7° + ¢°)'°]
—apg — B + P — 281 + p* + ¢
+ 3 — 261 + ¢

+ @@ — 280 + &) + @) (32)
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